We reviewed an effective consistent ab initio approach to relativistic calculation of the spectra for multi-electron heavy and superheavy ions with an account of relativistic, correlation, nuclear, radiative effects is presented. The method is based on the relativistic gauge-invariant (approximation to QED) perturbation theory (PT) and generalized effective field nuclear model with using the optimized one-quasiparticle representation firstly in theory of the hyperfine structure for relativistic atom. The wave function zeroth basis is found from the Dirac equation with potential, which includes the core ab initio potential, the electric and polarization potentials of a nucleus. The correlation corrections of the high orders are taken into account within the Green functions method (with the use of the Feynman diagram's technique). There have taken into account all correlation corrections of the second order and dominated classes of the higher orders diagrams (electrons screening, particle-hole interaction, mass operator iterations). The magnetic inter-electron interaction is accounted in the lowest on α parameter (α is the fine structure constant), approximation, the self-energy part of the Lamb shift is taken effectively into consideration within the Ivanov-Ivanova non-perturbative procedure, the Lamb shift polarization part -in the generalized Uehling-Serber approximation with accounting for the Källen-Sabry α 2 (αZ) and Wichmann-Kroll α(αZ) n corrections.
Introduction
In last years a studying the spectra of heavy and superheavy elements atoms and ions is of a great interest for further development as atomic and nuclear theories (c.f. [1] [2] [3] [4] [5] [6] [7] [8] ). Theoretical methods used to calculate the spectroscopic characteristics of heavy and superheavy ions may be divided into three main groups: a) the multi-configuration Hartree-Fock method, in which relativistic effects are taken into account in the Pauli approximation, gives a rather rough approximation, which makes it possible to get only a qualitative idea on the spectra of heavy ions. b) The multiconfiguration Dirac-Fock (MCDF) approximation (the Desclaux program, Dirac package) [1, 2] is, within the last few years, the most reliable version of calculation for multielectron systems with a large nuclear charge; in these calculations oneand two-particle relativistic effects are taken into account practically precisely. The calculation program of Desclaux is compiled with proper account of the finiteness of the nucleus size; however, a detailed description of the method of their investigation of the role of the nucleus size is lacking. In the region of small Z (Z is a charge of the nucleus) the calculation error in the MCDF approximation is connected mainly with incomplete inclusion of the correlation and exchange effects which are only weakly dependent on Z; c) In the study of lower states for ions with Z ≤ 40 an expansion into double series of the PT on the parameters 1/Z, aZ (a is the fine structure constant) turned out to be quite useful. It permits evaluation of relative contributions of the different expansion terms: non-relativistic, relativistic, QED contributions as the functions of Z. Nevertheless, the serious problems in calculation of the heavy elements spectra are connected with developing new, high exact methods of account for the QED effects, in particular, the Lamb shift (LS), self-energy (SE) part of the Lamb shift, vacuum polarization (VP) contribution, correction on the nuclear finite size for heavy elements and its account for different spectral properties, including calculating the energies and constants of the hyperfine structure, deriviatives of the 1-electron characteristics on nuclear radius, nuclear electric quadrupole, magnetic dipole moments etc (c.f. ).
In present paper we review an effective initio approach to relativistic calculation of the spectra for multi-electron superheavy ions with an account of relativistic, correlation, nuclear, radiative effects is presented. The method is based on the relativistic gauge-invariant (approximation to QED) perturbation theory (PT) and generalized relativistic dynamical effective field nuclear model with using the optimized one-quasiparticle representation in theory of the hyperfine structure for relativistic systems .
The correlation corrections of the high orders are taken into account within the Green functions method (with the use of the Feynman diagram's technique). There have taken into account all correlation corrections of the second order and dominated classes of the higher orders diagrams (electrons screening, particle-hole interaction, mass operator iterations) [2, . The magnetic interelectron interaction is accounted in the lowest on 2 a parameter, the LS polarization part -in the Uehling-Serber approximation, self-energy part of the LS is accounted effectively within the Ivanov-Ivanova non-perturbative procedure [5] [6] [7] [8] . The expressions for the energies and constants of the hyperfine structure, deriviatives of 1-electron characteristics on nuclear radius, nuclear electric quadrupole, magnetic dipole moments Q etc are presented. As illustration some data for atom of hydrogen 1 H (test calculation) and superheavy H-like ion with nuclear charge Z=170, Lilike multicharged ions are listed.
Gauge-invariant relativistic many-body perturbation theory method for heavy ions

General Formalism
In atomic theory, a convenient field procedure is known for calculating the energy shifts DE of the degenerate states. Secular matrix M diagonalization is used. In constructing M, the Gell-Mann and Low adiabatic formula for DE is used. A similar approach, using this formula with the QED scattering matrix, is applicable in the relativistic theory. In contrast to the non-relativistic case, the secular matrix elements are already complex in the PT second order (first order of the inter-electron interaction). Their imaginary parts relate to radiation decay (transition) probability. The total energy shift of the state is usually presented as follows:
where G is interpreted as the level width, and the decay possibility P=G. The whole calculation of energies and decay probabilities of a non-degenerate excited state is reduced to calculation and diagonalization of the complex matrix M. To start with the Gell-Mann and Low formula it is necessary to choose the PT zero-order approximation. Usually, the one-electron Hamiltonian is used, with a central potential that can be treated as a bare potential in the formally exact QED PT. There are many well-known attempts to find the fundamental optimization principle for construction of the bare one-electron Hamiltonian (for free atom or atom in a field) or (what is the same) for the set of one-quasiparticle (QP) functions, which represent such a Hamiltonian [1] [2] [3] [4] [5] [6] [7] [8] . As the bare potential, one usually includes the electric nuclear potential V N and some parameterized screening potential V C . The parameters of the bare potential may be chosen to generate the accurate eigen-energies of all many-QP states. In the PT second order the energy shift is expressed in terms of the two-QP matrix elements [6] [7] [8] :
Here Qul l Q is corresponding to the Coulomb part of interaction ( B r Q l -Breit part) : (4) where R (1,2;4,3) is the radial integral of the Coulomb inter-QP interaction with large radial Dirac components; the tilde denotes a small Dirac comnuclear electric quadrupole, magnetic dipole moments etc (c.f. ). In present paper we review an effective initio approach to relativistic calculation of the spectra for multi-electron superheavy ions with an account of relativistic, correlation, nuclear, radiative effects is presented. The method is based on the relativistic gauge-invariant (approximation to QED) perturbation theory (PT) and generalized relativistic dynamical effective field nuclear model with using the optimized one-quasiparticle representation in theory of the hyperfine structure for relativistic systems . The correlation corrections of the high orders are taken into account within the Green functions method (with the use of the Feynman diagram's technique). There have taken into account all correlation corrections of the second order and dominated classes of the higher orders diagrams (electrons screening, particle-hole interaction, mass operator iterations) [2, . The magnetic inter-electron interaction is accounted in the lowest on 2 α parameter, the LS polarization part -in the Uehling-Serber approximation, self-energy part of the LS is accounted effectively within the Ivanov-Ivanova nonperturbative procedure [5] [6] [7] [8] . The expressions for the energies and constants of the hyperfine structure, deriviatives of 1-electron characteristics on nuclear radius, nuclear electric quadrupole, magnetic dipole moments Q etc are presented. As illustration some data for atom of hydrogen 1 H (test calculation) and superheavy H-like ion with nuclear charge Z=170, Li-like multicharged ions are listed.
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:
where R (1,2;4,3) is the radial integral of the Coulomb inter-QP interaction with large ponent; S α is the angular multiplier (see details in Refs. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). To calculate all necessary matrix elements one must have the 1QP relativistic functions.
The Dirac-Kohn-Sham Relativistic Wave Functions
Usually, a multielectron atom is defined by a relativistic Dirac Hamiltonian( the a.u. used):
Here, h(r) is one-particle Dirac Hamiltonian for electron in a field of the finite size nucleus and V is potential of the inter-electron interaction. The relativistic inter electron potential is as follows [7, 8] :
where α ij is the transition frequency;α i , α j are the Dirac matrices. The Dirac equation potential includes the electric potential of a nucleus and exchange-correlation potential. One of the variants is the Kohn-Sham-like (KS) exchange relativistic potential, which is obtained from a Hamiltonian having a transverse vector potential describing the photons, is as follows [33] :
The corresponding correlation functional is [2, 33] :
where b is the optimization parameter (see details in Refs. [2-4,9,10]). One-particle wave functions are found from solution of the Dirac equation, which is written in the known two-component form:
Here we put the fine structure constant a =1, c -the Dirac number. At large c the radial functions F and G vary rapidly as:
This involves difficulties in numerical integration of the equations for r → 0. To prevent it, it is convenient to turn to new functions isolating main power dependence:
. The Dirac equation for F and G components are transformed as: (12) Here the Coulomb units (C.u.) are used. In Coulomb units the atomic characteristics vary weakly with Z; E n is one-electron energy without the rest energy. The boundary values of the correct solution are as:
The condition 0 , → g f at r → ∞ determines the quantified energies E n . The asymptotics of f,g 
Nuclear potential and charge density
Earlier there are calculated some characteristics of hydrogen-like ions with the nucleus in the form of a uniformly charged sphere; analogous calculations by means of an improved model were also made [2] [3] [4] [5] [6] [7] [8] . As in refs. [33] [34] [35] we use the relativistic mean-field (RMF) approach, which is an effective field theory for nuclei below an energy scale of 1GeV, separating the long-and intermediate-range nuclear physics from shortdistance physics, involving, i.e., short-range correlations, nucleon form factors, vacuum polarization etc, which is absorbed into various terms and coupling constants. Usually one starts with a Lagrangian density describing Dirac spinor nucleons interacting via meson and photon fields. This leads then to the Dirac equation with the potential terms describing the nucleon dynamics and the Klein-Gordon-type equations involving nucleonradial Dirac components; the tilde denotes a small Dirac component; S λ is the angular multiplier (see details in Refs. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). To calculate all necessary matrix elements one must have the 1QP relativistic functions.
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Here, h(r) is one-particle Dirac Hamiltonian for electron in a field of the finite size nucleus and V is potential of the interelectron interaction. The relativistic inter electron potential is as follows [7, 8] : 
Here we put the fine structure constant α =1, χ -the Dirac number. At large χ the radial functions F and G vary rapidly as:
The Dirac equation for F and G components are transformed as:
Here the Coulomb units (C.u.) are used. In Coulomb units the atomic characteristics vary weakly with Z; E n is one-electron energy without the rest energy. The boundary values of the correct solution are as: 
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Here, h(r) is one-particle Dirac Hamiltonian for electron in a field of the finite size nucleus and V is potential of the interelectron interaction. The relativistic inter electron potential is as follows [7, 8] :
where α ij is the transition frequency; α i , α j are the Dirac matrices. The Dirac equation potential includes the electric potential of a nucleus and exchange-correlation potential.
One of the variants is the Kohn-Sham-like (KS) exchange relativistic potential, which is obtained from a Hamiltonian having a transverse vector potential describing the photons, is as follows [33] :
Nuclear potential and charge density
Earlier there are calculated some characteristics of hydrogen-like ions with the nucleus in the form of a uniformly charged sphere; analogous calculations by means of an improved model were also made [2] [3] [4] [5] [6] [7] [8] . As in refs. [33] [34] [35] we use the relativistic meanfield (RMF) approach, which is an effective field theory for nuclei below an energy scale of 1GeV, separating the long-and intermediate-range nuclear physics from short-distance physics, involving, i.e., shortrange correlations, nucleon form factors, vacuum polarization etc, which is absorbed ic currents and densities as source terms for mesons and the photon. In our approach we usually use the NL3-NLC (see details in refs. [33, 38] ), which is among the most successful parameterizations available. The resulted charge density is defined as: (14a) with the proton density ρ p constructed from the RMF (A,μ are the numerical coefficients) and normalized to the charge number Z:
All corresponding model parameters are explained and given in refs. [33] . Another effective model approach to determine nuclear potential (the nuclear density distribution) is given by the known Fermi model. This model gives the following definition of the charge distribution ( )
where the parameter a=0.523 fm; the parameter с is chosen by such a way that it is true the following condition for average-squared radius:
+0.5700)fm. (16)
We assume it as some zeroth approximation. Further the derivatives of various characteristics on R are calculated. They describe the interaction of the nucleus with outer electron; this permits recalculation of results, when R varies within reasonable limits. The Coulomb potential for the spherically symmetric density ( ) R r r is:
It is determined by the following system of differential equations [7, 8] : 
with the corresponding boundary conditions.
QED corrections: Self-energy part of the Lamb shift and vacuum polarization correction
Procedure for an account of the radiative QED corrections is in details given in the refs. [2] [3] [4] 8, [33] [34] [35] . Regarding the vacuum polarization effect let us note that this effect is usually taken into account in the first PT theory order by means of the Uehling-Serber potential. This potential is usually written as follows (c.f. [2] ): (19) where
. In calculation [7] [8] [9] it has been used more exact approach. The Uehling-Serber potential, determined as a quadrature (19) may be approximated with high precision by a simple analytical function. The use of new approximation of the Uehling-Serber potential permits one to decrease the calculation errors for this term down to 0.5 -1%. It allows accounting for the Källen-Sabry a 2 (aZ) and Wichmann-Kroll a(aZ) n corrections [33] [34] [35] . Besides, using a simple analytical function form for approximating the Uehling-Serber potential allows its easy inclusion into the general system of differential equations. This system includes also the Dirac equations and the equations for matrix elements. A method for calculation of the self-energy part of the Lamb shift is based on an idea by IvanovIvanova (c.f. [7, 8] ). In an atomic system the radiative shift and the relativistic part of the energy are, in. principle, determined by one and the same physical field. It may be supposed that there exists some universal function that connects the self-energy (SE) correction and the relativistic energy. The SE correc tion for the states of a hydrogen-like ion was presented by Mohr as:
The values of F are given at ,
These results are modified here for the states 1s 2 nlj of Li-like ions. It is supposed that for any ion with nlj electron over the core of closed shells the sought value may be presented in the form:
Usually one starts with a Lagrangian density describing Dirac spinor nucleons interacting via meson and photon fields. This leads then to the Dirac equation with the potential terms describing the nucleon dynamics and the Klein-Gordon-type equations involving nucleonic currents and densities as source terms for mesons and the photon. In our approach we usually use the NL3-NLC (see details in refs. [33, 38] ), which is among the most successful parameterizations available. The resulted charge density is defined as:
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where the parameter a=0.523 fm; the parameter с is chosen by such a way that it is true the following condition for averagesquared radius:
We assume it as some zeroth approximation. Further the derivatives of various characteristics on R are calculated. They describe the interaction of the nucleus with outer electron; this permits recalculation of results, when R varies within reasonable limits. The Coulomb potential for the spherically symmetric density ( ) R r ρ is: (17) It is determined by the following system of differential equations [7, 8] :
Procedure for an account of the radiative QED corrections is in details given in the refs. [2] [3] [4] 8, [33] [34] [35] . Regarding the vacuum polarization effect let us note that this effect is usually taken into account in the first PT theory order by means of the Uehling-Serber potential. This potential is usually written as follows (c.f. [2] ):
. In calculation [7] [8] [9] it has been used more exact approach. The Uehling-Serber potential, determined as a quadrature (19) may be approximated with high precision by a simple analytical function. The use of new approximation of the Uehling-Serber potential permits one to decrease the calculation errors for this term down to 0.5 -1%. It allows accounting for the Källen-Sabry α 2 (αZ) and WichmannKroll α(αZ) n corrections [33] [34] [35] . Besides, using a simple analytical function form for approximating the Uehling-Serber potential allows its easy inclusion into the general into various terms and coupling constants. Usually one starts with a Lagrangian density describing Dirac spinor nucleons interacting via meson and photon fields. This leads then to the Dirac equation with the potential terms describing the nucleon dynamics and the Klein-Gordon-type equations involving nucleonic currents and densities as source terms for mesons and the photon. In our approach we usually use the NL3-NLC (see details in refs. [33, 38] ), which is among the most successful parameterizations available. The resulted charge density is defined as:
We assume it as some zeroth approximation. Further the derivatives of various characteristics on R are calculated. They describe the interaction of the nucleus with outer electron; this permits recalculation of results, when R varies within reasonable limits. The Coulomb potential for the spherically symmetric density ( ) R r ρ is: [7, 8] :
Procedure for an account of the radiative QED corrections is in details given in the refs. [2] [3] [4] 8, [33] [34] [35] . Regarding the vacuum polarization effect let us note that this effect is usually taken into account in the first PT theory order by means of the Uehling-Serber potential. This potential is usually written as follows (c.f. [2] ): 
. In calculation [7] [8] [9] it has been used more exact approach. The Uehling-Serber potential, determined as a quadrature (19) may be approximated with high precision by a simple analytical function. The use of new approximation of the Uehling-Serber potential permits one to decrease the calculation errors for this term down to 0.5 -1%. It allows accounting for the Källen-Sabry α 2 (αZ) and WichmannKroll α(αZ) n corrections [33] [34] [35] . Besides, using a simple analytical function form for approximating the Uehling-Serber potential allows its easy inclusion into the general onstants. n density teracting ads then ial terms and the nvolving s source . In our LC (see ong the vailable. d as:
, (14a) ted from fficients) r Z: (17) It is determined by the following system of differential equations [7, 8] : 
QED corrections: Self-energy part of the Lamb shift and vacuum polarization
We assume it as some zeroth approximation.
Further the derivatives of various characteristics on R are calculated. They describe the interaction of the nucleus with outer electron; this permits recalculation of results, when R varies within reasonable limits. The Coulomb potential for the spherically symmetric density ( )
QED corrections: Self-energy part of the Lamb shift and vacuum polarization correction
. In calculation [7] [8] [9] it has been used more exact approach. The Uehling-Serber potential, determined as a quadrature (19) may be approximated with high precision by a simple analytical function. The use of new approximation of the Uehling-Serber potential permits one to decrease the calculation errors for this term down to 0.5 -1%. It allows accounting for the Källen-Sabry α 2 (αZ) and WichmannKroll α(αZ) n corrections [33] [34] [35] . Besides, using a simple analytical function form for approximating the Uehling-Serber potential allows its easy inclusion into the general system of differential equations. This system includes also the Dirac equations and the equations for matrix elements. A method for calculation of the self-energy part of the Lamb shift is based on an idea by IvanovIvanova (c.f. [7, 8] ). In an atomic system the radiative shift and the relativistic part of the energy are, in. principle, determined by one and the same physical field. It may be supposed that there exists some universal function that connects the self-energy (SE) correction and the relativistic energy. The SE correction for the states of a hydrogen-like ion was presented by Mohr as: is the relativistic part of the bounding energy of the using the parameter.
The hyp
Energies of q dipole (W µ ) in structure (HFS W q =[∆+ ∆=-(4/3)
C=F(
Here I is a momentum of momentum. H through the sta A={[ (4, 325 
B={7.2878 1
Here g I is the momentum o integrals are d
system of differential equations. This system includes also the Dirac equations and the equations for matrix elements. A method for calculation of the self-energy part of the Lamb shift is based on an idea by IvanovIvanova (c.f. [7, 8] ). In an atomic system the radiative shift and the relativistic part of the energy are, in. principle, determined by one and the same physical field. It may be supposed that there exists some universal function that connects the self-energy (SE) correction and the relativistic energy. The SE correction for the states of a hydrogen-like ion was presented by Mohr as: is the relativistic part of the bounding energy of the outer electron; the universal function using th parameter.
The
Energies dipole (W µ structure (H W q = ∆=-(4
C=
Here I is momentum momentum through th
A={[(4,
B={7.287
Here g I is momentum integrals a ( RA 3 -) ( RA system of differential equations. This system includes also the Dirac equations and the equations for matrix elements. A method for calculation of the self-energy part of the Lamb shift is based on an idea by IvanovIvanova (c.f. [7, 8] ). In an atomic system the radiative shift and the relativistic part of the energy are, in. principle, determined by one and the same physical field. It may be supposed that there exists some universal function that connects the self-energy (SE) correction and the relativistic energy. The SE correction for the states of a hydrogen-like ion was presented by Mohr as: does not depend on the composition using the kn parameter. Here g I is the L momentum of integrals are defi
The hyper
∫ ∞ = 0 2 - ) ( d RA ∫ ∞ = 0 3 - ) ( drr RA
15
The parameter 2). Construction of approximating function f by the found reference Z and the appropriate F (H|Z, nlj); 3). Calculation of E R and x for the states nlj of Li-like ions with the finite nucleus; 4). Calculation of E SE for the sought states. The energies of the states of Li-like ions are calculated twice: with a conventional constant of the fine structure a=1/137and a'=a/10 3 . The results of latter calculation are considered as non-relativistic. This permitted isolation of E R ,x. The above extrapolation method is more justified than using the known expansion on aZ parameter.
The hyperfine structure parameters
Energies of quadruple (W q ) and magnetic dipole (Wμ) interactions to define a hyperfine structure (HFS) are calculated as [32, 35] :
∆=-(4/3)(4χ-1)(I+1)/[i(I-1)(2I-1)], C=F(F+1)-J(J+1)-I(I+1). (22)
Here I is a spin of nucleus, F is a full momentum of system, J is a full electron momentum. HFS constants are expressed through the standard radial integrals [ 
Here g I is the Lande factor, Q is a quadruple momentum of nucleus (in Barn); radial integrals are defined as follows: (24) For calculation of potentials of the hyperfine interaction U(1/r n ,R), we solve the following differential equations [7, 8] : U(1/r n ,R)=-ny(r,R)/r n+1 . The functions dU(1/r n ,R)/dR are can be found by similar way. To obtain the corresponding value of Q one must combine the HFS constants data with the electric field gradient calculated in our approach too. The details of calculation are presented in [11, 14, 17, 18 ].
Correlation effects and construction of optimal 1-quasiparticle representation
The problem of the searching for the optimal one-electron representation is one of the oldest in the theory of multielectron atoms. One of the simplified recipes represents, for example, the DFT method (see [2, 3] ). Unfortunately, this method doesn't provide a regular refinement procedure in the case of the complicated atom with few quasiparticles (electrons or vacancies above a core of the closed electronic shells). We use the method [9, 10] . For simplicity, let us consider now the one-quasiparticle atomic system. The multi-quasiparticle case doesn't contain principally new moments. In the lowest, second order, of the QED PT for the DE there is the only onequasiparticle Feynman diagram a ( fig.1 ), contributing the ImDE (the radiation decay width). In the next, the fourth order there appear diagrams, whose contribution into the ImDE account for the core polarization effects. This 
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(24) For calculation of potentials of the hyperfine interaction U(1/r n ,R), we solve the following differential equations [7, 8] : U(1/r n ,R)=-ny(r,R)/r n+1 . The functions dU(1/r n ,R)/dR are can be found by similar way. To obtain the corresponding value of Q one must combine the HFS constants data with the electric field gradient calculated in our approach too. The details of calculation are presented in [11, 14, 17, 18 ].
Correlation effects and construction of optimal 1-quasiparticle representation
The problem of the searching for the optimal one-electron representation is one of the oldest in the theory of multielectron atoms. One of the simplified recipes represents, for example, the DFT method (see [2, 3] ).
Unfortunately, this method doesn't provide a regular refinement procedure in the case of the complicated atom with few quasiparticles (electrons or vacancies above a core of the closed electronic shells). We use the method [9, 10] . For simplicity, let us consider now the one-quasiparticle atomic system. The multi-quasiparticle case doesn't contain principally new moments. In the lowest, second order, of the QED PT for the ∆E there is the only one-quasiparticle Feynman diagram a ( fig.1 ), contributing the Im∆E (the radiation decay width). In the next, the fourth order there appear diagrams, whose contribution into the Im∆E account for the core polarization effects. This contribution describes collective effects and it is dependent upon the electromagnetic potentials gauge (the gauge non-invariant contribution). We examine the multielectron atom with one quasiparticle functio lowest particu contrib photon value represe effects, criteria electro the clo calcula transiti criterio quality ( fig.1 ) previou contrib initial s Im Two b,c (f The conside the res physica indepen multiel photon contribution describes collective effects and it is dependent upon the electromagnetic potentials gauge (the gauge non-invariant contribution). We examine the multielectron atom with one quasiparticle in the first excited state, connected with the ground state by the radiation transition. In the PT zeroth approximation one can use the one-electron bare potential:
with V N (r) describing the electric potential of the nucleus, V C (r), imitating the interaction of the with the core of closed shells. The perturbation in terms of the second quantization representation reads as
The core potential V C (r) is related to the core electron density ρ C (r) in a standard way. The latter fully defines the one electron representation. Moreover, all the results of the approximate calculations are the functionals of the density ρ C (r). Here, the lowest order multielectron effects, in particular, the gauge dependent radiative contribution for the certain class of the photon propagator gauge is treating. This value is considered to be the typical representative of the electron correlation effects, whose minimization is a reasonable criteria in the searching for the optimal one-electron basis of the PT. Remember that the closeness of the radiation probabilities calculated with the alternative forms of the transition operator is commonly used as a criterion of the multielectron calculations quality. The imaginary part of the diagram a ( fig.1 ) contribution has been presented previously as a sum of the partial contributions of α-s transitions from the initial state α to the final state s [10] : (27) Two fourth order polarization diagrams b,c ( fig.1) should be considered further. The contributions being under consideration, are gaugedependent, though the results of the exact calculation of any physical quantity must be gauge independent . All the non-invariant terms are multielectron by their nature. Let us take the photon propagator calibration as usually:
Here C is the gauge constant; D T represents the exchange of electrons by transverse photons, D L that by longitudinal ones. One could calculate the contribution of the a,b,c diagrams ( fig.1) into the Im DE taking into account both the D T and D L parts. The a diagram ( fig.1 ) contribution into the Im DE related to the α-s transition reads as (30) for D=D L , where ωα s is the α -s transition energy. According to the Grant theorem, the Dμυ ,L contribution vanishes, if the one-quasiparticle functions ψα, ψ s satisfy the same Dirac equation. Nevertheless this term is to be retained when using the distorted waves approximation, for example. Another very important example represents the formally exact approach based on the bare Hamiltonian defined by its spectrum without specifying its analytic form [2, 3] . Here the noninvariant contribution appears already in the lowest order. When calculating the forth order contributions some approximations are inevitable. These approximations have been formulated in Refs. [10] , where the polarization corrections to the state energies have been considered.
Let us consider the direct polarization diagram b ( fig.1) as an example. The final expression for the sought value looks as (31) contributing the imaginary energy part related to the radiation transitions; b and c: fourth order QED polarization diagrams.
In the next, the fourth order there appear diagrams, whose contribution into the Im∆E account for the core polarization effects. This contribution describes collective effects and it is dependent upon the electromagnetic potentials gauge (the gauge non-invariant contribution). We examine the multielectron atom with one quasiparticle in the first excited state, connected with the ground state by the radiation transition. In the PT zeroth approximation one can use the one-electron bare potential:
with V N (r) describing the electric potential of the nucleus, V C (r), imitating the interaction of the with the core of closed shells. The perturbation in terms of the second quantization representation reads as 
results of the exact calculation of any physical quantity must be gauge independent . All the non-invariant terms are multielectron by their nature. Let us take the photon propagator calibration as usually: there appear on into the polarization bes collective t upon the e (the gauge examine the quasiparticle nnected with on transition.
one can use functionals of the density ρ C (r). Here, the lowest order multielectron effects, in particular, the gauge dependent radiative contribution for the certain class of the photon propagator gauge is treating. This value is considered to be the typical representative of the electron correlation effects, whose minimization is a reasonable criteria in the searching for the optimal oneelectron basis of the PT. Remember that the closeness of the radiation probabilities calculated with the alternative forms of the transition operator is commonly used as a criterion of the multielectron calculations quality. The imaginary part of the diagram a ( fig.1 ) contribution has been presented previously as a sum of the partial contributions of α-s transitions from the initial state α to the final state s [10] :
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Here the non-invariant contribution appears already in the lowest order. When calculating the forth order contributions some approximations are inevitable. These approximations have been formulated in Refs. [10] , where the polarization corrections to the state energies have been considered. Let us consider the direct polarization diagram b ( fig.1) as an example. The final expression for the sought value looks as Im   34  4  34  3  34  12   34  12  34  34  4  34  3 [7] [8] [9] [10] ). In (31) it should be performed summation over the bound and upper continuum atomic states. To evaluate this sum, one can use the analytic relation between the atomic electron Fermi level and the core electron density ρ c (r), appropriate to the homogeneous nonrelativistic electron gas. Now the sum Σ n>f, m<f can be calculated analytically, its value becomes a functional of the core electron density. The resulting expression looks as the correction due to the additional nonlocal interaction of the active quasiparticle with the closed shells. Nevertheless, its calculation is reducible to the solving of the system of the ordinary differential equations (1-D procedure) [10] . The most important refinements can be introduced by accounting for the relativistic and the density gradient corrections to the Tomas-Fermi formula (see Refs. [2, 3] ). The same program is realized for other polarization diagrams. The minimization of the functional Im dE ninv (b+c) leads to the integro-differential equation for the ρ c (the Dirac-like equations for electron density). In result we obtain the optimal one-quasiparticle representation. In concrete calculation it is sufficient to use the simplified procedure, which is reduced to functional minimization using the variation of the parameter b in Eq.(9) [2, 10] . Let us further to come back to the complex secular matrix M in the form:
M is the contribution of the vacuum diagrams of all order of PT, and
those of the one-, two-and three-quasiparticle diagrams respectively. M can be presented as a sum of the independent one-quasiparticle contributions. For simple systems (such as alkali atoms and ions) the one-quasiparticle energies can be taken from the experiment. Substituting these quantities into (33) one could have summarized all the contributions of the one -quasiparticle diagrams of all orders of the formally exact relativistic PT. The first two order corrections to ( ) 2 Re M have been analyzed previously [2, [5] [6] [7] [8] [9] using the Feynman diagrams technique. The contributions of the first-order diagrams have been completely calculated. In the second order, there are two kinds of diagrams: polarization and ladder ones. The polarization diagrams take into account the quasiparticle interaction through the polarizable core, and the ladder diagrams account for the immediate quasiparticle interaction. An effective form for the two-particle polarizable operator has been presented in Ref. [2] ; it looks as: (34) where 0 c r is the core electron density (without account for the quasiparticle), X is numerical coefficient, c is the light velocity. The similar approximate potential representation has been received for the exchange polarization interaction of quasiparticles. Some of the ladder diagram contributions as well as some of the three-quasiparticle diagram contributions in all PT orders have the same angular symmetry as the two-quasiparticle diagram contributions of the first order. These contributions have been summarized by a modification of the central potential, which must now include the screening (anti-screening) of the core potential of each particle by the others (look Refs. [2, 3, [7] [8] [9] [10] [33] [34] [35] ). The calculation of all the radial integrals reduces to solving a system of differential equations with known boundary conditions at 0 = r . Consider the master integral: Im   1  2  4  3   34  4  34  3  34  12   34  12  34  34  4  34  3  4  3 
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In (35) which enter the polarization contribution. This is the most complicated integral of a task. Let us note:
. According to [9] , function ) (r Y can be found from solution of system of six differential equations with the boundary conditions:
A complete system of equations also includes equations for the modified Bessel functions Z (i) and for 1QP radial functions (see [2] [3] [4] [5] [6] [7] [8] ).
Some illustration results and conclusion
In table 1 we present the experimental [8, an theoretical (our test calculation) results for hyperfine splitting energies for 1s, 2s levels of hydrogen atom. There is physically reasonable agreement between theory and experiment. In table 2 there are listed the results of calculation for the hyperfine structure parameters (plus derivatives of the energy contribution on nuclear radius) for the superheavy H-like ion with nuclear charge Z=170. We have used the denotations [7, 8] : the screening (anti-screening) of the core potential of each particle by the others (look Refs. [2,3,7-10,33-35]) . The calculation of all the radial integrals reduces to solving a system of differential equations with known boundary conditions at 0 = r . Consider the master integral: 
In . According to [9] , function ) (r Y can be found from solution of system of six differential equations with the boundary conditions: (36) A complete system of equations also includes equations for the modified Bessel functions Z (i) and for 1QP radial functions (see [2] [3] [4] [5] [6] [7] [8] ).
In table 1 we present the experimental [8, an theoretical (our test calculation) results for hyperfine splitting energies for 1s, 2s levels of hydrogen atom. There is physically reasonable agreement between theory and experiment. The calculation showed also that a variation of the nuclear radius on several persents could lead to changing the transition energies on dozens of thousands 10 3 cm -1 . In [8, 32, 35] there are listed the results of calculating the constants of the hyperfine interaction: the electric quadruple constant B, the magnetic dipole constant A with inclusion of nuclear finiteness and the UehlingSerber potential for some Li-like ions. In table 4 data on the HFS constants for lowest excited states of Li-like ions are listed. Similar data for other states were listed earlier (see ref. [8, 32, 34] ), but there another model for a charge distribution in a nucleus and method of treating the QED corrections were used. 
